Abstract-The phase noise and frequency stability measurements of 1 GHz, 100 MHz, and 10 MHz signals are presented which have been synthesized from microwave cryogenic sapphire oscillators using ultra-low-vibration pulse-tube cryocooler technology. We present the measured data using independent cryogenic oscillators for the 100 MHz and 10 MHz synthesized signals, whereas previously we only estimated the expected results based on residual phase noise measurements, when only one cryogenic oscillator was available. In addition we present the design of a 1 GHz synthesizer using a Crystek voltage controlled oscillator phase locked to 1 GHz output derived from a cryogenic sapphire oscillator.
I. INTRODUCTION
W ITH the development of ultra-stable cryogenic sapphire oscillators, using an ultra-low-vibration cryocooler and a custom designed cryostat [1] delivering unprecedented performance [2] - [4] in a robust low maintenance package, has come the need to produce user frequencies both in the RF and millimeter-wave range from the X-band signal with little or no degradation to the signal quality. Techniques to produce very low phase noise signals have been reported [5] - [10] .
The motivation for this in part has come from the verylong-baseline-interferometry (VLBI) radio-astronomy community [11] where it has been shown that one may make as much as a 100% or more improvement on image quality by increasing the target angular resolution at frequencies of 350 GHz and above as compared to when a hydrogen maser is used as the frequency reference [12] .
The short-term fractional frequency stability of the cryocooled sapphire oscillator is as much as 100 times better than a hydrogen maser. And it has been shown that signals generated at 100 MHz from a cryocooled sappire oscillator have the potential to replace the hydrogen maser as the reference of choice. The signal degradation at 100 MHz is estimated to be much less than that at 10 MHz due to the intrinsic noise of the components used [10] .
The X-band signal from the cryocooled sapphire oscillator is not easily distributed over long distances but as previously MHz from the synthesizer developed in Nand et al. [10] . The synthesizer incorporates a Crystek VCO with custom made PLL control circuit. The components in the dashed rectangle represent a cryocooled sapphire oscillator and the previously reported synthesizer [10] shown shown [10] significant loss of performance occurs when much lower frequencies are synthesized. To synthesize 1 GHz signals with fractional frequency stability of only 1 part in 10 15 could benefit both the frequency metrology community [5] and the VLBI radio-astronomy community. This may mean significant performance is retained while 1 GHz can be distributed around a user facility reasonably well. In the case of the application to VLBI radio-astronomy it would only be a benefit if it could be shown that better stability was needed than that of the synthesized 100 MHz signal and that new methods to further suppress the instabilities arising from phase decoherence effects of the atmosphere are developed [12] .
In this paper we report on the design, development and evaluation of a 1 GHz synthesizer where a voltage controlled oscillator (VCO) is phase locked to a 1 GHz signal synthesized from a cryocooled sapphire oscillator. In addition we report on the evaluation of 1 GHz, 100 MHz and 10 MHz signals synthesized from the same cryocooled sapphire oscillator and compare their phase noise and frequency stability, expanding on the work reported in Nand et al. [10] . In [10] we did not have a second independent cryocooled sapphire oscillator and only reported on the residual phase noise of the 100 MHz and 10 MHz synthesizers, with an estimate of their expected performance.
Previously, a method was demonstrated where by taking the beat note between two oscillators and engineering a relatively low noise reference through frequency division of a signal derived from one of the oscillators, one can use a Symmetricom 5125A signal test set to measure the phase noise and frequency stability of oscillators operating at X-band frequencies [4] . This method is limited to the case where the beat note between the signals from the two oscillators being compared falls within the measurement bandwidth of the test set being used. In the case of the two signals at precisely 1 GHz with little tunability this method was not suitable so we developed a new technique, also using the Symmetricom 5125A test set, that allows one to evaluate both the phase noise and frequency stability of the 1 GHz signals where nominally identical synthesis chains are pumped by an X-band signal from nominally identical and independent cryocooled sapphire oscillators.
II. METHODS
In [10] we employed low-phase-noise digital frequency dividers to produce a low-phase-noise signal by phase locking the signal from a low-phase-noise 100 MHz quartz oscillator to that of the cryogenic sapphire oscillator. By introducing a direct digital synthesizer (DDS) unit mixed into the microwave signal before frequency division we were able to achieve 14 significant figures of frequency tuning.
However we were only able to report the residual phase noise of the synthesizer due to the fact that at that time we did not have a second operational cryocooled sapphire oscillator. In this paper we report on the measurement of these synthesized signals using two nominally identical systemstwo independent cryogenic sapphire oscillators using an ultralow vibration custom designed cryostat (cryoCSOs) -each providing the input signal near 11.2 GHz to its own frequency synthesizer.
From the 1.4 GHz and 100 MHz outputs of the synthesizer reported in [10] a 1 GHz output was synthesized. This design is shown in Fig. 1 . To this was added a custom designed phaselock loop (PLL) circuit and a low-phase noise Crystek 1 GHz VCO (model no. CRBV55CX-1000-1000). The fractional frequency stability of 10 MHz (curve 1), 100 MHz (curve 2) and 1 GHz (curve 3) signals synthesized from the 11.2 GHz output of an ultra-stable cryocooled sapphire oscillator. Curve 4 represents the fractional frequency stability from a comparison between two independent 11.2 GHz cryocooled sapphire oscillators (cryoCSOs). Each curve represents the stability of a single oscillator/synthesizer but derived from a comparison of two nominally identical systems, where a factor of 1/ √ 2 has been applied assuming they are independent.
was made using a Symmetricom 5125A test set with an input bandwidth of 400 MHz. Their resulting total phase noise and frequency stability are presented in Figs 2 and 3 respectively. Their measurement system noise floors were taken directly from the test set for the 100 MHz and 10 MHz measurements.
All measurements represented in Fig. 3 are taken from the test set with a noise equivalent (NEQ) bandwidth of 0.5
Hz. Since the test set gives only a measurement noise floor, statistical error bars (±σ 0 ) have been estimated and applied to curves in the figure from the following. The number of "samples" for a given value of integration time τ is estimated by N = 2 τ max /τ where τ max is the maximum value of τ generated by the test set for the given data set. The resulting errors are estimated by σ 0 = 0.5 × σ y / √ N .
B. Residual phase noise of the 1 GHz synthesizer components
Using the baseband technique (as shown by the block diagram in Fig. 4(a) ) we measured the residual phase noise contribution from the phase-locked 1 GHz Crystek VCO and the custom made PLL circuit by comparing the two similar systems. Fig. 5 shows the Single Side Band (SSB) Power Spectral Density (PSD) of the relative phase fluctuations for two free-running Crystek VCOs (curve 1) drawn from a fit to our measurement data. This is compared with the measured residual phase fluctuations from 2 VCOs (curve 3) each phase-locked to the same 1 GHz signal from the frequency synthesizer. Curve 2 represents the modeled phase noise based on the free-running VCO phase noise and the measured transfer function of the PLL circuit with a gain bandwidth of 1 MHz.
The same technique was applied to two complete nominally identical 1 GHz synthesizers incorporated with the phaselocked VCOs as shown in Fig. 1 . As outlined in Fig. 4 (b) two 1 GHz synthesizers were used to measure their relative residual phase fluctuations. The resulting residual phase noise was measured to be the same as curve 3 in Fig. 5 ; precisely laying on top, hence not shown for clarity. This is the same as just the residual phase noise of the VCO's phase-locked to the same 1 GHz source as outlined in Fig 4(a) . This means that the residual phase noise contribution from the additional frequency synthesis components to generate 1 GHz from the 1.4 GHz and 100 MHz inputs adds negligibly to the residual phase noise of the phase-locked VCO.
C. Total phase noise of the 1 GHz synthesizer with cryocooled oscillator
In order to characterize the 1 GHz synthesizers driven by independent cryoCSOs a measurement technique is needed that allows one to measure their total phase fluctuations even though the cryoCSOs are subject to some frequency drift, albeit very small. We developed a method [13] that allows one to transfer the phase noise of the oscillators under test to a lower frequency signal that is within the bandwidth of a Symmetricom 5125A test set available in the lab. The circuit diagram for the technique is outlined in Fig. 4(c) , where a 900 MHz band-pass filter (BPF) and an auxiliary signal with a frequency (f a ) of 100 MHz, derived from the 100-MHz frequency synthesizer of one of the cryogenic sapphire oscillators, was used. See the full analysis and discussion in the Appendix. The resulting total phase noise and frequency stability of the 1 GHz synthesizer/oscillators are presented in Figs 2 and 3, respectively.
The phase-noise-measurement noise floor was determined by disconnecting one oscillator/synthesizer from the measurement system (for example, the 1 GHz output of "Synth with 
SSB phase noise (dBc/Hz) Curve 4 is the total phase noise for two nominally identical but independent systems comprising the cryocooled sapphire oscillator, the 11.2 GHz to 1.4 GHz and 100 MHz synthesizer, the 1.4 GHz to 1 GHz synthesizer and the 1 GHz PLL VCO. Curve 5 is the measurement system noise floor.
PLL VCO2" in Fig. 4(c) ) and the 1 GHz signal from the other synthesizer was power divided and the same signal sent as inputs to the LO ports of both mixers in Fig. 4(c) . This then gives a noise floor that is largely the sum of the contributions from the mixers and the RF amplifier required to provide sufficient signal power to the test set.
The spurs on curves 1, 3 and 5 in Fig. 2 for offset frequencies 1 < f < 10 Hz are due to the 1.4 Hz compressor cycle of the cryocooler. Most of the higher frequency spurs on curve 5 are also present in the measurement system noise floor and some arise due to imperfect filtering of the small switched power supply used in the 1 GHz VCO phase-locked synthesizer to bias the PLL circuit and the VCO. The hump near 70 kHz is from the Pound modulation frequency control system in the sapphire oscillators.
The total phase fluctuations of the 1 GHz oscillator/synthesizers are compared with the residual noise measurements in Fig. 5 , thus curve 5 of Fig. 2 is reproduced in curve 4 of Fig. 5 . At higher offset frequencies than shown in Fig. 5 , outside of the locking bandwidth of the PLL control circuit, the phase noise is that of the free running Crystek VCO. According to the manufacturer's data this has a white noise floor near -170 dBc/Hz at 10 MHz.
Lastly, using the method outlined in Fig. 2 of [4] we measured the phase noise and frequency stability of the two independent cryocooled sapphire oscillators. Those results are, respectively, shown in curve 1 of Fig. 3 of [4] and curve 4 of Fig. 3 here. These are the same oscillators used as the pump signals on the independent synthesis chains.
D. Comparison of the 1 GHz oscillator/synthesizer with component phase noise contributions
Referring to the synthesis chain shown in Fig. 4 (c) the 11.2 GHz signal from the cryocooled sapphire oscillator [4] is combined with a DDS signal using a single side band mixer configuration, in the first synthesizer, to generate a signal frequency very close to 11.2 GHz with 14 significant figures [10] . This signal is subsequently used to generate both a 100 MHz and a 1.4 GHz signal that are in turn used to generate the 1 GHz signal in the second synthesizer.
For each of these stages we have measured their phase noise. In the following we compare the measured total phase noise of the 1 GHz oscillator/synthesizer with the calculated total phase noise based on the sum of the measured phase noise in the components.
The model we use is described by the following SSB power spectral densities (as functions of Fourier frequency, f ) which sum to the total phase noise at 1 GHz according to,
where the superscript T and R represent total (or absolute) and residual (or additive) phase noise respectively. The subscript specifies the component contributing to the total 1 GHz oscillator/synthesizer phase noise. The factor of (1.0/11.2) The total phase noise of the 11.2 GHz cryoCSOs used in this calculation is shown in Fig. 3 of [4] . The measured phase noise for each of the other 4 contributions are shown Fig. 6. Color online: A comparison of the measured phase noise of the different synthesizer stages involved with the production of the 1 GHz signal from the cryoCSO. Curves 2 and 3 are respectively the residual phase noise from the 11.2 GHz to 1.4 GHz divider stage and the 11.2 GHz to 100 MHz divider stage phase-locked to a 100 MHz quartz oscillator [10] . Curve 4 is the residual phase noise from the synthesizer described here in Fig. 1 . Curve 5 represents the expected phase noise contribution from two independent cryoCSOs with the DDS contribution at 1 GHz, but scaled from 11.2 GHz [4] by subtracting approximately 20 dB from X-band phase noise data (from as curves 1 to 4 in Fig. 6 , where each point represents the relative phase fluctuations of two devices. Data have been copied from the measurement data ignoring any spurs. Table I lists these by curve number in Fig. 6 , the component (oscillator or synthesizer), the type of phase noise, the method used to make the measurement (FFT means the standard baseband technique), the circuit used, and the source of the data used here. Curve 5 in Fig. 6 is the calculated total phase noise contribution of the cryoCSO and the DDS unit to the 1 GHz oscillator derived from the first term in Eq. (1). Curve 6 is the calculated total phase noise of all contributions (from all terms in Eq. (1)). The result agrees within a few dB of the measured data (curve 7). The agreement between curves 6 and 7 validates the new technique used here to measure oscillator phase noise. The new measurement technique was only used on the 1 GHz oscillator/synthesizer (curve 7). All contributions that sum to this (curve 6) were measured using previously proven techniques.
The increase in noise around 100 Hz is due to residual phase noise of the 100 MHz oscillator caused by insufficient locking bandwidth in the PLL used in the first synthesis stage [10] . It would be better to not use the quartz oscillator at all and this could be avoided. However one would need to give up the very low white phase noise floor seen on curve 3 in Fig. 6 (or curve 3 of Fig. 2 for the total phase noise), but this would have only a small impact on the white noise floor of the 1 GHz signal. E. Frequency stability of synthesizers compared Figure 3 compares the fractional frequency stability (as Allan Deviation) of the 10 MHz (curve 1), 100 MHz (curve 2) and the 1 GHz (curve 3) signals synthesized from the cryocooled sapphire oscillator with that of the cryocooled sapphire oscillator itself (curve 4). A factor of 1/ √ 2 has been applied to the measured data to represent the results for a single independent oscillator/synthesizer.
The measured short term stability (integration times τ < 100 s) for the 10 MHz and 100 MHz signals is as expected from the residual phase noise of the frequency dividers measured in [10] . However, the 1 GHz signal offers a small improvement over the 100 MHz signal, representing a factor of 1.6 better stability for τ = 10 s.
The 1 GHz synthesizer is particularly sensitive to room temperature changes. The peak in the Allan deviation measurement near τ = 2 × 10 3 s is due to the air-conditioning cycle in the lab, manifesting as frequency fluctuations in the Crystek VCO itself. Initially the enclosure of the VCO was not thermally secured to the Aluminum baseplate in the box containing this synthesizer and the peak (in curve 3 of Fig. 5 ) was stronger and occurred near τ = 1×10 3 s. By securing the VCO to the baseplate the sensitivity was reduced and hence proves its origin.
The following noise model was fitted to the data of curves 1 through 4 of Fig. 3 ,
with the best fit coefficients listed in Table II . Note where a dash appears in the table the coefficient was not used in the fit. The fit to the Allan deviation of the 10 MHz signal was not particularly sensitive to the value of a 2 . And distinctly it has a white phase noise term (a 0 ) in Eq. (2) due to the white phase noise of the Holzworth 100 MHz to 10 MHz frequency divider used. A change in slope in curve 1 of Fig. 5 is apparent at τ = 20 s.
Because of the peak in the Allan deviation data of the 1 GHz signal near τ = 2 × 10 3 s fitting to determine a linear frequency drift coefficient (a 4 ) was problematic, hence it can only be estimated.
For integration times τ > 10 3 s all signals are affected by the residual frequency drift between the two cryogenic sapphire oscillators as well as room temperature changes, including the air conditioning cycle with about a 20 minute period. Individually the cryogenic sapphire oscillators have an exponentially decreasing frequency drift and at the time the 
beat between the two cryoCSOs was measured their relative frequency drift was estimated from the above noise model (coefficient a 4 in Eq. (2)) to be (1.4 ± 0.3) × 10 −15 /day, in addition to a random walk of frequency component.
The random walk of frequency term (a 3 ) was included in the noise model fit to get best fits for the linear frequency drift term. Summing the latter with the former for all signals, with the exception of the 1 GHz signal, their Allan deviation evaluates to σ y ≈ 4 × 10 −15 for τ = 10 5 s -a performance better than that of most hydrogen masers.
III. CONCLUSION
The design and evaluation of a 1 GHz synthesizer has been presented, wherein a low phase noise Crystek VCO is phase locked to a 1 GHz signal synthesized from an ultra-stable cryocooled sapphire oscillator. Given the high sensitivity of the VCO frequency to temperature, future improvements in the long-term frequency stability of the synthesized signals should include direct temperature control of the VCO enclosure with a Peltier thermoelectric device and PID control.
The phase noise and fractional frequency stability for the 1 GHz, the 100 MHz and the 10 MHz signals synthesized from two nominally identical cryocooled sapphire oscillators operating at 11.2 GHz have been presented. These results are compared and contrasted with those of the 11.2 GHz signal itself. The T4Science maser has a phase noise of -105 dBc/Hz on a 100 MHz carrier and -125 dBc/Hz on a 10 MHz carrier at 1 Hz offset [14] compared to -130 dBc/Hz and -134 dBc/Hz, respectively, measured here for a single device.
The frequency stability of the 100 MHz and the 10 MHz signals generated from the cryocooled sapphire oscillator, allowing for 1 month of aging, is superior to that from most hydrogen masers [15] , even out to 1 day of averaging, where frequency drift has not been subtracted.
The 1 GHz signal offers nearly a factor of 2 improvement in the short term fractional frequency stability over that of the 100 MHz signal. This factor of 2 is close to the expected improvement given by the ratio of frequencies 1000 MHz/ (4 The SSB phase noise of an Agilent E8257C synthesizer at 1 GHz without external reference (curve 1), and phase locked to a 10 MHz signal from the frequency doubled output of an Oscilloquartz 8607 quartz oscillator (curve 2). The latter was compared with a 1 GHz signal derived from an ultra-low phase noise cryogenic sapphire oscillator and measured using the measurement method of Fig. 4 (c). Curve 3 is the measurement system noise floor. Curve 4 is the phase noise of the locked synthesizer at 1.2 GHz but referred to 1 GHz. See text for details.
× 100 MHz). Any future improvement though could exclude the use of the 100 MHz quartz oscillator in the first synthesis stage. The frequency dividers used there offer sufficiently low phase-noise performance at 100 MHz, and the elimination of the quartz oscillator would reduce the complexity of the additional PLL. Though the phase noise in the signals generated here is near state-of-the-art it is quite obvious that performance (as compared to the originating X-band signal) must be sacrificed through the synthesis process. This level of excess noise added by the frequency synthesis chain is clearly seen in the short term fractional frequency stability of the signals shown in Fig. 3 and in the first two columns of Table II . Nevertheless, the performance of these signals may open new horizons of research in frequency metrology, mmVLBI radio astronomy and low noise radar where close-to-the-carrier phase noise is important. Figure 4 (c) describes the basic features for a transposed frequency measurement method for the comparison of two oscillators operating at frequencies f 01 and f 02 . We introduce a low frequency auxiliary signal f a and a band-pass filter is used after the first mixing stage with the requirement that
APPENDIX
with the ± depending on the choice of band-pass filter. Fractional frequency stability
Integration time, (s) frequency difference between the oscillators must be less than twice the bandwidth of the test set otherwise additional mixing stages are needed.
In the case where one oscillator is a reference oscillator with much lower phase noise than the oscillator under test the final result is that of the oscillator under test only. If the oscillators are nominally identical then we get the relative phase fluctuations of the two devices. This means 3 dB must be subtracted for the phase noise of a single oscillator.
From one of the oscillators an intermediate frequency is generated with an auxiliary oscillator in the first mixing stage, which is filtered to reject one of the sidebands with the band-pass filter, and then mixed in the second stage with the signal from the other oscillator, low pass filtered, amplified and measured on the Symmetricom test set. The final stage RF amplifier is needed to satisfy minimum input power requirements of the test set.
The phase noise is read directly from the test set, but to find the Allan deviation of the signal at frequency f 01 or f 02 one must scale by the ratio (f a ± |f 01 − f 02 |)/f 0 where f 0 is chosen as equal to either f 01 or f 02 .
We can model the results after the first mixing stage and band-pass filter as proportional to,
where upper f a sideband has been filtered out by the bandpass filter. The phase noise of the oscillator is represented by δϕ 1 (t). When this is mixed at the second mixing stage with the output of the second oscillator with its own phase noise δϕ 2 (t) at the frequency f 02 , and modeled as proportional to,
the resulting signal frequency dependence can be modeled by the product of the latter with the former as,
where Φ = ϕ LO2 − ϕ LO1 is a phase constant and the high frequency mixing product of order f 01 + f 02 has been filtered out. The power of phase fluctuations of the resulting signal at frequency f 01 − f 02 + f a is equal to the combined power of phase fluctuations of the individual microwave oscillators. Of course the low pass filter must now pass the signal with frequency f 01 −f 02 +f a , and this frequency must be within the bandwidth of the measurement test set. This then necessarily affects the frequency at which the phase noise is measured and the scaling ratio to calculate the Allan deviation becomes (f 01 − f 02 + f a )/f 0 . If the oscillators are nominally identical an additional 1/ √ 2 factor must be applied to get the stability of a single oscillator.
Using this measurement method (of Fig. 4(c) ), as an independent test of the technique, we measured the phase noise of an Agilent E8257C synthesizer generating a 1 GHz signal compared to a 1 GHz signal synthesized from one of the ultralow phase noise cryogenic sapphire oscillators. This means that in Fig. 4 (c) cryoCSO2 and the synthesis chain was replaced with an Agilent E8257C synthesizer. The resulting phase noise spectra are shown in Fig. 7 , and the frequency stability in Fig. 8 . In Fig. 7 curve 1 represents the phase noise of the synthesizer without external reference, and curve 2 when it was referenced by a 10 MHz signal from the frequency doubled output of an Oscilloquartz 8607 quartz oscillator [16] .
That measurement system used two MiniCircuits ZX05-10L-S+ mixers, a ZVBP-909-S+ band-pass filter, a SLP-100+ low pass filter and a ZFL-500LN+ amplifier. The measurement system phase noise floor is shown in curve 3 in Fig. 7 . This was determined by using the same low phase noise cryocooled sapphire oscillator on both input ports (for cryoCSO 1 and 2 in Fig. 4(c) ). The auxiliary oscillator frequency used in these measurements was f a = 100 MHz, derived from one of the cryocooled sapphire oscillators, with a phase noise of -130 dBc/Hz at 1 Hz offset [4] , [10] . In this case it is necessary to scale the resulting stability generated by the test set by f a /f 0 = 100 MHz/1.0 GHz = 1/10 where f 0 = f 01 = f 02 = 1 GHz.
We also compared the same oscillators where we raised the output signal frequency of the Agilent E8257C synthesizer to f 02 = 1.2 GHz. The auxiliary oscillator was still at f a = 100 MHz, which was mixed with the signal at f 01 = 1 GHz from the ultra-low phase noise cryogenic sapphire oscillator, then we filtered out the upper sideband with the band-pass filter leaving the lower sideband at 900 MHz to be mixed with the 1.2 GHz signal. After low-pass filtering (using a MiniCircuits SLP-400 filter) and amplification this resulted in a 300 MHz signal that was measured by the test set. Curve 4 in Fig. 7 is the result where a factor of 20log(1.2) has been subtracted to compare the results all at 1 GHz. It is essentially identical with curve 2 as expected.
And in Fig. 8 we show the Allan deviation of the 1.2 GHz synthesizer signal where the correct scaling has been applied to the output of the test set. In this case (f 01 −f 02 +f a )/f 02 = 300 MHz/1.2 GHz = 1/4. Only Allan deviation data with a NEQ bandwidth of 0.5 Hz are shown. Finally, we shifted the frequency of the locked Agilent synthesizer to 1.006 GHz and counted the 6 MHz beat (with a 10 s gate time) on an Agilent 53132A Λ-type frequency counter as an ultimate confirmation that the method works. The result is shown in curve 4 of Fig.  8 .
The cryocooled sapphire oscillator's phase noise and frequency stability [4] are orders of magnitude lower than that of the Agilent E8257C synthesizer. At 1 GHz its phase noise is approximately equal to the measurement system noise floor (curve 3 or Fig. 7) , hence it does not contribute to these results. Figs 7 and 8 therefore show only the performance of the E8257C synthesizer. The conventional counter method produced the same expected stability as that from the new technique and both are equal to the known stability of our 8607 quartz oscillator.
It should be noted that when the frequency difference of the two oscillators falls within the bandwidth of the test set their phase noise can be measured by taking the beat note of the two signals and comparing it to a previously characterized low noise reference. To confirm the validity of our new transposed frequency technique we used this direct comparison method to repeat the measurements in Figs 7 and 8 and found no discrepancy in the results.
